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Fig. 3 Center-of-mass trajectory of a simplified system in planar
motion.

D SYSTEM
?()((;A) SIMPL\ISSIEIe efficienc:

90
80 t*
70
60
50
40
30

0 10 20 30 40 S0 60 70 80 90100
TIME (s)

Fig. 4 Propulsive efficiency of a simplified system in planar motion.

interval of 12-14 m/s. From Egs. (17) and (18) we get the conver-
gence values Xo, =Y =12.53 m/s. The values t* and Y™ for this
example, obtained from Eqs. (23) and (25), are 12.53 s and 19.59
m/s, respectively. The actual value for Y* is 19.55 m/s, indicating a
relativeerrorin the analyticmodelless than 0.5% (for this example).
The ideal value of Y*, given by (F/m)t*, is 25.07 m/s. Thus, the
application of the force during 7* s ensures a propulsive efficiency,
equal to the relation of Y* and (F/m)t*, greater than 77% in this
case.

From Fig. 3 we can check that the approximate analytical solution
agrees with the real solution for small 7. The parabolic behavior of
the c.m. trajectory described by Eq. (14) is clearly evident for small
t. From Fig. 3 we also note that for large ¢ the c.m. trajectory ap-
proaches the straight line described by Egs. (19), (20), and (22).
When & =0, the c.m. describes a straight trajectory in the Y direc-
tion, which in fact occursin the first instants. The & # 0 deviates this
trajectory (the greater the value of ¢ then the faster the deviation)
substantially.

From Fig. 4 we note that the propulsive efficiency n decreases
monotonically with time until Y () reaches its first relative mini-
mum, with k =3 in Eq. (23).

Despite the numerical example being specific, Figs. 2-4 show the
general behavior of the c.m. perturbationsof a body subjectedto the
misalignmenttorque F - ¢ - €.. In practice, we should avoid them by
reducing &, choosing parameters that increase ¢*, thrusting during
to,n K t*, and by using a fast and precise attitude control.

Conclusions

This Note presented an analytical study of the effects of planar
thrust misalignments on rigid body motion. Using some simplifica-
tions, we showed how the c.m. behaves in the absence of attitude
control. We showed that 1) the c.m. motion degenerates quickly
into an initial parabolic trajectory, 2) the thrust duration ¢, should
be much smaller than an upper bound ¢*, and 3) the propulsive
efficiency 7 falls quickly if 7,, becomes comparable to 7*.
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Introduction

HE coast-arc problem' that defines the optimal trajectory of a

constant exhaust velocity space vehicle is described by a spe-
cial class of systems of differential equations, termed generalized
canonicalsystems.? Such systems have intrinsic propertiesconcern-
ing the Mathieu transformations defined by the general solution of
the system of differential equations governed by the integrable ker-
nel of the Hamiltonian function. By using these properties, integra-
tion of the system of differential equations describing the coast arc
in a Newtonian central force field is performed. As will be shown,
in contrast with other methods involving numerous integrations;**
the generalized canonical approach requires the evaluation of only
oneintegral,closelyrelated to Kepler’s classic equation. A complete
closed-formsolution will be obtained for elliptic, circular, parabolic
and hyperbolic motions.

The coast-arc problem will be formulated as proposed by Powers
and Tapley® througha two-dimensionalformulationof the equations
of motion. The three-dimensional case, considering a different set
of state variables and orbital elements,®” was previously discussed.

Coast-Arc Problem

For completeness, previous results about the coast-arc problem
are presented® Let us consider the motion of a space vehicle M in
a Newtonian central force field during a coasting period. In a two-
dimensional formulation,’ the well-known equations of motion in
polar coordinates are:

- — — - = — == (1
ks ar , (1)

dar r dr

dr du vV p dv uv o v
rooor?

where r is the radial distance from the center of attraction O; u
and v are the radial and circumferential components of the velocity,
respectively; 6 is the polar angle, measured from any convenient
reference line through the center of attraction; and w is the gravi-
tational parameter. The adjoint variables associated with the state
variables(r, u, v, and ) will be denotedby (r,, 7, 7, and 77y ). The
coast-arc problem is then described by the following Hamiltonian
function:

H =un, + V*/r — p/rm, — wo/r)m, + w/rmy  (2)
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The general solution of the state equations (1) is well known from
the classic two-body problem.}

r=p/(1+ecos f), w/pesin f
v=+/u/p(l+ecosf), O=w+ f 3)

where p is the semilatus rectum, e is the eccentricity, w is the peri-
center argument, and f is the true anomaly. Equation (3) defines a
point transformation, the inverse of which is
1
p=r’v*/u, e:{l—l—(ZrZzJZ/MZ)[%(uZ—I—vz)—u/r]}2
w=0— tan"[urv/(rv’ — )]
4)

f=tan"'[urv/(rv’ — wl,

By following the properties of generalized canonical systems,?
the general solution of the adjointequationsis given by the product
between the Jacobian matrix of the inverse transformation (4) and
the new adjoint vector [7, m. 7y 7,]7. Therefore,

cosf+e sin
71,—2p T, + f T, — f

( f_ﬂw)

- sm fr. +

o)

_5 P p . 2 ¢ r
7, =2 [=rm,+ [—(2cos f +ecos” f+e)—m,
M I p
sin f r
- /L f|:1+—i|(7tf—nw)
Vi e P

Ty = Ty %)

The new Hamiltonian function resulting from the Mathieu trans-
formation defined by Eqs. (3) and (5) is

H= (Jup [r*)m; 6)

The general solution of the new state equations is very simple,
P = Do,
Viipi = 10) = J(f) = I (fy),

where py, ey, fo, and wy are arbitrary constants of integration, , is
the initial time, and J (f) is

e = ¢

w = wp @)

N esin f
1= (1 —e?)(1+ecosf)
2 i 1—e f
+(1—e2)% tan ( 1+etan2>’ e#1 ®)
J(f) = ftan(f/2) + £ tan’ (f/2), e=1 ©)

For #, equal to the time of pericenter passage t, the time equation
in Eq. (7) reduces to Kepler’s classic equation for elliptic orbits.?
The general solution of the new adjoint equations is obtained as
described before; thus,

3 /n (1+4e)?
np:ﬂpo—‘rz F(l-l—e)z(t—f)nfo, = P rznfo
_ | 270 f _

e =T — 2 F(l-l—e) I(f)my,, Ty =My, (10)

with ty =1, and

1(f) = — P | nE—e(m+ies+ LanoE
)= T —ey | SE—e S £+ 7sin

e<1 (11

( ) M( ) sin sin

1(H)=(1/4VR)[S—1D* = (/5pD°],  e=1 (13)

where S = 24/ (u)(t — ty) and D = /(p) tan(f/2). M is the mean

anomaly and E, F, and D are eccentric anomalies for elliptic, hy-
perbolic, and parabolic motions, respectively.
Therefore, from Eqs. (5) and (10), it follows that

cos f+e sin f
S Y L e L T,
r r er p

rsin f
14
eJiiP }T“ (14

T, = L sin fm,, — wnwo + %(1 +e)?
M e p

rccos f
o 15
W}T’""} (15

’
T, = E{Zrnpo + —(2cos f + e cos f+em,
V u p

+ /%(1 +e)2r|:3(t —1)—=2I(f)(2cos f +ecos’ f +e)

rpsmf sin f r
ot (1Yol (12} o

Ty = Ty 17)

|: (f—f)——(COSf +el(f) -

|: 21(f)sin f +

The subscript 0 denoting the constants of integration was omitted
for simplicity. The adjoint variables w, and 7, are, respectively,
the radial and circumferential components of the primer vector p,
introducedby Lawden! in the analysis of optimal space trajectories.

Note that Eqs. (14-16) have singularities for circular motion. To
avoid these singularities, a new set of nonsingular orbital elements
will be defined.

Elimination of Singularity
Let us consider the following set of orbital elements:

’

p =p, h=ecosw, k=esinw, {=w+f (18)

The prime denotes the new variable. In terms of the new set of arbi-
trary parameters of integration (p’, i, k, and £), the general solution
of state equations (1) is given by

=+/un/p'(hsinf —kcos?t)

v=+/p/p'(01+hcosf+ksint), 0=t (19)

r=p'/(1+hcost+ksint),

To obtain the adjoint variables («,, 7,, 7,, and ) in terms
of the new set of orbital elements and adjoint variables, we
proceed as follows. First, we express the old adjoint variables
(p, 7., my, and 7,) in terms of the new set of canonical variables
(p', h,k, £; wy, 7y, mi, and 7). After computing the Jacobianma-
trix of the point transformation (18), it follows that

Ty =TTy T, = T, COSw + 7Ty Sinw

T, = —mesinw + mecosw + 1y, m,=m (20)
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Now, from Egs. (5), (18), and (20)
7, =2(p"/r)my + (1/r)(h + cos Oy, + (1/r) (k + sin &),

7w, = +/ P'/pfm, sin€ — m; cos £}

T, =P /u2rm,y + (r/p)(hm, + km) + 2+ hcost
~+ k sin £) (7, cos £ + m; sin £)]}

g = —km, + hm + 7, (21)

Equations(19) and (21) define a time-independentMathieu trans-
formation
Mathieu ,
(ryu,v,0; 7, 7, 7y, 1) ——> (P, h, k, & 7, 703, 704, 700)

The new Hamiltonian function resulting from this canonical trans-
formation is

H=/1n/p?( + hcost + ksin£)*m, (22)

The prime denoting the new variable p’ will be omitted in the fol-
lowing paragraphs.

The general solution of the canonical system described by H
is obtained using the same approach described in the preceeding
section and is given by
h = hy,

P = Do, k =k

St

2 —1
= —ltan
(1—h2—k2)3

(hsin€ —kcos?t)

1—«/h2+k2t (z—zo)
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- 23
(1 —h?—k*»(1 4+ hcost+ ksint) (23)
3
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! (r) (=2 + 2K% + k) sin £ + hk cos £
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(24)

Ty

where ¢ is the true longitude of the pericenter.

In view of Egs. (18), Kepler’s equation can be represented in the
form

M=E—(1/y1—h*—k2)(r/a)(hsin¢ —kcost)  (25)

Therefore, from Eqs. (21), (24), and (25), it follows that

p 1 1 .
m = —|2m, + ;(h + cos £)my, + ;(k + sin £)my,
r

— =1y —=M(1 + hcosl + ksint)

2 (1+ h2+k22( 3
[ ———
p (1—h2—k2)3 2

++/1=h2 —k2(1 = y/h? + &) sin(€ — ¢,)

1

’
+———\ - ){hk+ @2 —2h*)(hsin¢ —kcos?
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—k?sin2¢ — hk cos2¢ — (L) |:h sinf — k cos ¥
a

+ %(h2 — k?)sin2¢ — hk cos 2Ki| })] (26)

T, = E{ sin £, — cos £my,
V u

(1+ViPTe) 3
EM(h sinf + k cos £)

—2y —

U m )3
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1
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a
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(1+VETR)

= —km, hmy, — 2
T Ty + Mty T, (l—hz—kz)%

x (\/(h2 +i(1 =2 — k(1 =2+ k2)

1

-
———— = | {2k(—1 +2h> + K*)sint
== ()] )

£ 2h(h? — 1) cos £ — (2) B(h2 TR+ (1= h? — k)

1
— hksin2¢ + E(h2 — k%) cos 24 }) (29)

where r/a= (1 — h* — k*)/(1 + hcos £ + k sin£). Except for the
adjoint variables to the nonsingular orbital elements and the true
longitude of the pericenter, the subscript denoting the constants of
integration is omitted. For circular motion, Egs. (26-29) simplify,

7 =21, + (/1) (m,o +2my, sin KO) cos?t

+ (1/r) (i, — 271, c08 £o) sin € + (3M /1)y, (30)
Ty =4/ p/u{ (71,,0 + 27y, sin KO) sin ¢
- (nko — 27y, cOs KO) cosl — 271&)} (31)

Ty =4/ p/u{Z[pnpo + (3M/2)mo] +2(m,o + 27, sin KO) cost

+ Z(nko — 274, COS KO) sin K} (32)

Tty = TTy, (33)

Note that, for circular motion, £, is the initial position of the space
vehicle in orbit.

Conclusion

A closed-form solution of the coast-arc problem in a Newtonian
central force field is obtained applying properties of generalized
canonical systems for elliptic, circular, parabolic, and hyperbolic
motions. This generalized canonical approach that involves a set of
Mathieu transformationsrequires the evaluation of only one integral
related to Kepler’s classic equation.
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